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ABSTRACT:Spontaneous emission, stimulated emission and absorption are the three
fundamental radiative processes describing light� matter interactions. Here, we theoretically
study the behavior of these fundamental processes inside an unbounded medium exhibiting a
vanishingly small refractive index, i.e., a near-zero-index (NZI) host medium. We present a
generalized framework to study these processes and� nd that the spatial dimension of the NZI
medium has profound e� ects on the nature of the fundamental radiative processes. Our
formalism highlights the role of the number of available optical modes as well as the ability of
an emitter to couple to these modes as a function of the dimension and the class of NZI media.
We demonstrate that the fundamental radiative processes are inhibited in 3D homogeneous
lossless zero-index materials but may be strongly enhanced in a zero-index medium of reduced
dimensionality. Our� ndings have implications in thermal, nonlinear, and quantum optics as
well as in designing quantum metamaterials at optical or microwave frequencies.
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I n 1916 and 1917, Einstein proposed three fundamental
radiative processes to explain light� matter interactions:

spontaneous emission, stimulated emission, and absorption.1,2

Einstein’s A21, B21, andB12 coe� cients are typically used to
describe the rate of these processes, respectively. Later, Purcell
demonstrated that the spontaneous emission rate is not an
immutable property of matter and that the environment can
signi� cantly modify it.3 In recent times, there are ongoing
intensive research e� orts in designing nanostructured materials
to control the spontaneous emission rates for applications in
quantum optics, quantum computing, quantum communica-
tions, and quantum chemistry.4� 6 Most notably, metamaterials,
arti� cial materials that may exhibit electromagnetic (EM)
properties otherwise absent in natural materials, have been
explored for that purpose due to their ultimate� exibility in
tailoring the local optical environment. These engineered
materials may feature extreme parameters such as a near-zero
refractive index (NZI) and have been shown to exhibit exotic
electromagnetic properties.7� 11

As a consequence of a vanishing refractive index at frequency
� Z, the phase velocityv� of an EM wave inside a near-zero-
index material diverges and the wavelength� of the wave is
signi� cantly stretched. Since the refractive index is de� ned as

� � � � �=n( ) ( ) ( ) , where� (� ) is the relative permittivity
and � (� ) is the relative permeability, three di� erent routes
exist to achieve an NZI response:� approaches zero with
arbitrary � (i.e., epsilon-near-zero (ENZ) media);9,12 �
approaches zero with arbitrary� (i.e., mu-near-zero (MNZ)

media);13 and both� and� simultaneously approach zero (i.e.,
epsilon-and-mu-near-zero (EMNZ) media).10,11,14� 16

Although all three classes of NZI media share a near-zero
refractive index, they di� er critically in other characteristics.
For example, the normal ized wave impedance

� � � � �=Z( ) ( )/ ( ) tends to in� nity in ENZ media,
Z(� Z) � � , to zero in MNZ media,Z(� Z) � 0, and to a
� nite value in EMNZ media,

� � � � �� � � |� � � ��Z( ) ( )/ ( )Z Z

Similarly, the group index,ng(� ) = c/ vg(� ), wherevg(� ) is the
group velocity, tends to in� nity in ENZ and MNZ unbounded
lossless media,17 while it has a� nite value,� � � n(� ), in EMNZ
media.10,11 Consequently, the selected class of NZI medium
makes a profound impact on di� erent optical processes,
including propagation, scattering, and radiation of EM waves.7

Similarly, extreme material parameters impact fundamental
radiative processes and their associated transition rates.
Speci� cally, complete inhibition of spontaneous emission was
predicted for three-dimensional (3D) ENZ and EMNZ
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media18,19 and two-dimensional (2D) implementations of
EMNZ media.14 Typically, the suppression of spontaneous
emission is justi� ed due to the depletion of optical modes as
the refractive index goes to zero. This e� ect is somewhat
analogous to the inhibition of spontaneous emission in
photonic nanostructuresexhibiting a band gap.4,4,20� 22

However, it is distinct in that the propagation of electro-
magnetic waves is allowed in EMNZ media. In contrast, studies
of metallic waveguides near cuto� that e� ectively behave as
one-dimensional (1D) ENZ media reveal that the spontaneous
emission rate is enhanced (theoretically diverges) in those
systems.23� 26

The radical di� erence in the predicted responses, i.e.,
inhibition versus enhancement, raises the question of whether
these e� ects relate to details of the structural implementation
of NZI media (e.g., microscopic coupling to a dispersive
waveguide) or if they are an accurate representation of the true
material response of NZI media. The latter would then imply a
complex interplay between the class of NZI media (ENZ,
MNZ, and EMNZ) and the dimensionality of the system (1D,
2D, and 3D).

To the best of our knowledge, there is no uni� ed framework
encompassing studies of all the fundamental radiative
processes for all NZI media classes (ENZ, MNZ, and
EMNZ) and dimensionalities (1D, 2D, and 3D). Here, we
address this question by presenting a uni� ed framework that
provides compact expressions for the transition rates in
dimension-dependent NZI media. Our results are relevant
for recent experimental demonstrations of various classes of
NZI media.16,27� 30

To begin, we consider a two-level system,

{ }e g;

, with transition dipole momentp = puz embedded in a 3D
unbounded lossless homogeneous material with a transition
frequency� . First, we evaluate the in� uence of an NZI
background on spontaneous emission, and then we discuss
how these conclusions apply to the absorption and stimulated
emission processes. To this end, we follow the macroscopic
QED formalism31 so that the Einstein coe� cient A21� ,
representing the spontaneous emission rate, can be written
as a function of the Green’s functionG as follows:32

�
�
�

�

� � �

� =
�

| | · [ ]·

= [ ]

A
c

n A

p u G r r u( )
2

Im ( , , )

Re ( ) ( )

z z21

2

0
2

2
0 0

21 (1)

where we have used

�
�
�

� � �· [ ]· = [ ]
c

nu G r r uIm ( , , )
6

Re ( ) ( )z z0 0 (2)

for homogeneous media,32 and A21 = � 3|p|2/(3 �� 0c
3) is the

free-space spontaneous emission coe� cient.
We directly conclude fromeq 1that spontaneous emission is

inhibited in all classes of unbounded lossless 3D NZI media as
n(� Z) � 0. Figure 1a shows the inhibition of spontaneous
emission for the three classes and their di� erent behaviors
around the NZI frequency� Z.

Next, we study stimulated emission and absorption by
referring to the detailed balance equation.1,2 In our case,
detailed balance means that spontaneous emission and
stimulated emission are balanced by the absorption process.
This principle leads to the Einstein relations for dispersive
materials:34

�
�

�
= × �

�

�
=

A

B

B

B

g

g
DOS ,21

21

21

12

1

2 (3)

where DOS =n2(� )� 2/ � 2c2vg(� ) is the density of states andgi

the degeneracy of statei . From here, one can derive a general
expression for the EinsteinB�21 coe� cient in a dispersive
material:

�
�

�� � �
�

�
�

� =
�

| | · [ ]·

=

B
c

n n

Z
n

B

p u G r r u( )
2

( ) ( )
Im ( , , )

( )
( )

g
z z

g

21

2

2
0

2
2

0 0

21

(4)

Using this formulation, we can evaluate the EinsteinB�21

coe� cient for the di� erent classes of NZI media:

Figure 1.Spontaneous decay rate normalized with free-space (Purcell factor) for (a) 3D, (b) 2D, and (c) 1D homogeneous dispersive NZI media.
We choose� max = � kBT/ � = � Z where � = 2.821 439 is a constant andT = 300 K. EMNZ metamaterial with a Lorentz model

(� � � �= = � � �

� � �

Š + �

Š + �
( ) ( ) i

i

2

2
Z

2 2

2
r
2 , � r = 0.1� Z, � = 0 for the lossless case33) (yellow), ENZ material with� (� ) and� = 1 (blue), MNZ material with

� (� ) and� = 2.25 (red). Inset of (a): two-level system{ }e g; embedded inside an unbounded, lossless, and homogeneous dispersive material.
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Equations4 and5 show that theB21 coe� cient is modi� ed
by the background medium, as pointed out in previous
works.35,36 This result suggests that the ratio between
spontaneous and stimulated emission can be selected by
changing the background material. However, one must be
careful to point out that the stimulated emission rate is given
by the product ofB21 and the spectral density of states	 (� , T)
(� sti = B21	 (� , T)). In addition, in view ofeq 3, the absorption
rate must be equal to the stimulated emission rate� sti = � abs.

33

Therefore, in order to elucidate the impact of NZI media on
the total stimulated emission and absorption rates, we address
how the spectral energy density of thermal radiation	 (� , T)
behaves in the NZI limit. This procedure will also allow us to
study thermal equilibrium radiation for a blackbody at
temperatureT immersed in NZI media. The spectral energy
density of thermal radiation in a material is given by36

� �
�

�
� �=

�

Š��
T

c
n n( , )

1

e 1
( ) ( )

k T g

3

2 3 /
2

B (6)

Figure 2represents the spectral energy density (correspond-
ing to blackbody radiation) for the di� erent classes of NZI
media. We set the zero-index frequency� Z to be equal to the
frequency at which the spectral density in vacuum is maximum,
� max = � kBT/ � , where� = 2.821 439.37 In EMNZ materials,

the group index is constant, but the spectral energy density is
highly reduced in the NZI spectral region. For frequencies
below� Z, the allowed propagation corresponds to propagation
inside a left-handed materials with a refractive index close to
zero.32,36 For ENZ and MNZ media, no propagation is allowed
for frequencies below� Z because of the imaginary refractive
index. In general, since	 (� , T) scales asn2(� ) ng(� ), it is
reduced in the NZI spectral region and vanishes exactly at� Z.
This e� ect can be intuitively explained by using a box
quantization treatment. The spectral energy density of thermal
radiation	 (� ) is the product of the density of states (DOS)
with the mean energy of a state at temperatureT,
� � = ��

Š��T( , )
e 1k T/ B

.38 The modes in a 3D box of volume

L3 in k space are separated by� k = � / L. Consequently, the
number of modes in a spherical shell betweenk andk + dk is
� k2dk(� / L)� 3, so that the density of modes scales asn2(� )
ng(� ).34 When the index is near zero, the number of modes
within the sphere is much lower than that in vacuum and the
DOS reaches its minimum value. Therefore, the spectral
energy density	 (� , T) is equal to zero at the NZI frequency
� Z, and, consequently, thermal radiation from a blackbody
immersed in such media would be inhibited.

In addition, by combiningeqs 5and 6 we � nd that the
stimulated emission rate vanishes. Therefore, although
previous works pointed out the possibility of controlling
stimulated emission,35,36 we conclude that all fundamental
radiative processes are inhibited inside unbounded 3D
homogeneous lossless NZI media, which can be understood
as a consequence of the depletion of optical modes around the
NZI frequency. The same conclusion can be obtained by
directly evaluating the stimulated emission and absorption
rates by means of Fermi’s golden rule,33 without needing to
invoke the detailed balance equation or thermal equilibrium
considerations. Furthermore, we note that the inclusion of the
local-� eld correction factors using a real-cavity model32 does
not change the above conclusions (Supporting Information
(SI)33). Moreover, including material absorption gives rise to a
� nite value ofA�21, directly proportional to Im(� ), which can
be very small.33

One has to be careful, however, in translating directly this
result to systems with a lower dimensionality. It is worth
noticing that the macroscopic QED formalism31,32 used above
provides a very convenient theoretical framework to evaluate
radiative transitions based on the imaginary part of the dyadic
Green’s function. This compact formulation fails however to
provide a physical insight on how di� erent classes of NZI
media a� ect radiative transitions.

To address these issues, we introduce a simple and uni� ed
framework that allows us to clarify the modi� cation of
fundamental radiative processes in NZI media of dimension
d. Our formulation is convenient, as it provides the necessary
physical insight to understand how radiative transitions are
a� ected by the material parameters and number of dimensions
concomitantly. This is relevant since some metamaterial
implementations of NZI media often exhibit a reduced
dimensionality.16,26� 30

We start by following the quantization procedure proposed
by Milonni,35,36 where the two-level system can be modeled
with the following Hamiltonian (see details in theSI33):

� ��
� � �� = � + � � + � � +

	
	 	

	
	 	

• •H a a g a
2

( h. c. )z k
k

k k
k

k k
, , (7)

Figure 2.Spectral energy density	 (� ) for air (brown), nondispersive
electric permittivity� = 2.25 (purple), EMNZ metamaterial with a

Lorentz model (� � � �= = � � �

� � �

Š + �

Š + �
( ) ( ) i

i

2

2
Z

2 2

2
r
2 and� r = 0.1� Z, � = 0

for the lossless case33) (yellow), ENZ material with� (� ) and � = 1
(blue), MNZ material with� (� ) and� = 2.25 (red). The temperature
is set toT = 300 K.
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with 
 �z = Še e g g, 
 �• = e g, � is the transition
frequency of the emitter, and� k is the eigenfrequency of the
mode with wavevectork. The sums run over all optical modes
of wavevectork, polarization� with unit polarization vector
ek� , and annihilation operatora�k� . The coupling between the
emitter and optical modes is characterized by the coupling
strength

�

�

�

�
= Š ·

	 	g i
Z

n V
p e

( )

( ) 2
k

k

k
k k

g 0 d (8)

The impact of the background medium and its dispersion
properties in the light� matter coupling are described by the
presence of the normalized wave impedanceZ(� k) and the
group indexng(� k) in eq 8. Vd is the d-dimensional
quantization volume.

Next, the relevant transition rates can be computed by using
Fermi’s golden rule.34 For instance, theA21� coe� cient
corresponding to the rate of spontaneous emission reduces to

�� 
 � �� = | | Š
	

	
A g2 ( )k

k
k21

2

(9)

This basic equation provides an often overlooked but
important physical insight. It conveys that the decay rate of a
quantum emitter depends on the number of available optical
modes,� k� , and how strongly it couples to them|gk� |

2; both
factors must be taken into account in order to correctly
describe the physics. Thinking in terms of how the modes are
asymptotically depleted in a system (e.g., because the refractive
index goes to zero) would not provide the complete physical
picture if the coupling strength scales inversely proportionally
in the zero-index limit. For this reason, it is in principle
possible for the spontaneous emission rate to converge to zero,
in� nity, or a� nite value in the zero-index limit.

To further emphasize this point, we rewriteeq 9 as the
product of two factors:A21� = G(� ) N(� ), describing (i)G(� ),
how strongly the emitter couples to the optical modes as a
function of the background, and (ii)N(� ), which describes the
number of available modes. These factors are de� ned as
follows:

�
�
�

= =	

	 � ��

G
g

g

Z
n

( )
( )
( )

k

k
0

2

g
k (10)

�� � 
 � �

�
�

� �

= | | Š

=
| |

| [ ]|

	
	

Š

N g

A
c

n n
p

( ) 2 ( )

Re ( ) ( )

k

d

d
d

k
k

,

0 2

d

2

0

1
g

(11)

with A1 = 1/2, A2 = 1/4, andA3 = 1/(3� ), and gk�
0 is the

vacuum limit ofgk� .
Understanding the explicit dependence on these two factors

as a function of the material parameters and number of
dimensions provides a comprehensive picture on how di� erent
NZI media modify radiative processes. First,N(� ) is de� ned
as the decay rate that would be observed if we could couple to
existing modes in the dispersive medium, but with the coupling
strength for modes in vacuum. Consequently,N(� ) gives a
good account of the modi� cation of the number of modes
induced by the material parameters. In particular, its
dependence on the background is contained with the factor

nd� 1(� )ng(� ). This scaling rule can be understood since the
sum over all modes is transformed into an integral. In general,
the number of modes depletes as the refractive index goes to
zero, and this behavior is observed to be independent of the
class of NZI media.N(� ) only depends on the refractive index,
and the depletion in the NZI limit is stronger for a larger
number of dimensions.

A very di� erent behavior is observed in terms of how
strongly we couple to these modes. Speci� cally, G(� ) is
de� ned as the magnitude square of the ratio between the
coupling strength and its vacuum counterpart. Its scaling rule
with respect to the background, given byZ(� )/ ng(� ), is
independentof the number of dimensions, but it critically
depends on the class of NZI media. This behavior can be
intuitively understood by noting that the interaction
Hamiltonian is de� ned within the electric dipole approx-
imationH�

I = � p�·E�, and, therefore,|gk� |
2 is proportional to the

electric� eld intensity. Importantly, the background material
modi� es the strength of the electric� eld � uctuations per unit
of energy, thus modifying the strength of how the modes
couple to the emitter. Since the classical energy per mode can
be written asUk� = 2� 0V| |+E( ) 2/( Z(� k)/ ng(� k)) (seeSI33), it is
clear that the electric� eld intensity per unit energy is modi� ed
by the factorZ(� k)/ ng(� k) due to the material properties. In
this manner, we� nd that materials with a high or even
diverging normalized wave impedance, like ENZ media, will
tend to enhance radiative transitions compared to other classes
of NZI media.

Ultimately, it is the product betweenG(� ) and N(� ) that
provides the total decay rate. By combiningeqs 10and11 we
obtain the compact expression

� �� = [ ] ŠA Z n A( ) Re ( ) d
21

1
21 (12)

By applying this general equation to the di� erent NZI cases,
i.e., at� = � Z, one can note that the inhibition of spontaneous
emission is not valid for all dimensions, even if the refractive
index approaches zero. In fact, depending on the interplay
between the normalized wave impedance and refractive index,
one can observe either suppressed,� nite, or even divergent
decay rates in the NZI limit (Table 1andFigure 1b,c for the
1D and 2D cases).

The Purcell factorA21� / A21 might also take a constant value
(2D ENZ or 1D EMNZ media) or present a divergent
behavior (1D ENZ media), in accordance with previous
studies in dispersive ENZ waveguides.23� 26,39 One might be
tempted to justify this behavior as an example of Purcell
enhancement in slow-light waveguides.5 However, this
reasoning fails to explain all NZI cases. For instance, 1D
MNZ is also a slow-light waveguide, with a near-zero group
velocity at the MNZ frequency, and yet at this point,
spontaneous emission is inhibited. We refer toSI section 4
for a discussion on the validity of our theory to model realistic

Table 1. Purcell Factor at� Z for ENZ, MNZ, and EMNZ
Media in 1D, 2D, and 3D
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implementations of 1D ENZ and MNZ media with dispersive
waveguides.33

The in� uence of the dimensionality on the absorption and
stimulated emission rates can be obtained by repeating the
same procedure used for spontaneous emission (seeSIsection
133). It con� rms that these two rates are identical in all
instances and that the ratio between stimulated and
spontaneous emission rates is given by the number of photons
per optical mode. Therefore, we� nd that stimulated emission
and absorption rates are always proportional to the
spontaneous emission rate, as imposed by the very structure
of the interaction Hamiltonian given byeq 7. It is then
concluded that the ratios between the di� erent radiative
processes are� xed and cannot be modi� ed by changing the
background medium. The in� uences of moderate losses on the
present derivations are presented inSI section 1.33

In conclusion, we investigated dimension-dependent funda-
mental radiative processes in NZI media. Our formalism
illustrates that in order to get the correct physical picture, it is
crucial to consider both the number of optical modes that may
couple to an emitter and the coupling strength. These
quantities are found to depend highly on the material class
and the number of spatial dimensions. For example, we
theoretically worked out a dimension-dependent Purcell factor
leading to an inhibition of spontaneous emission in most NZI
cases, but an enhanced Purcell factor inside 1D ENZ materials.
Based on detailed-balance considerations, it can be readily
found that other radiative processes such as stimulated
emission and absorption follow the modi� cations induced on
spontaneous emission.
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